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Abstract 

The positive energy representations of the loop group of U(l) are used to construct 
a boson-anyon correspondence. We compute all the correlation functions of our anyon 
fields and study an anyonic W^-algebra of unbounded operators with a common dense 
domain. This algebra contains an operator with peculiar exchange relations with the 
anyon fields. This operator can be interpreted as a second quantised Calogero-Sutherland 
(CS) Hamiltonian and may be used to solve the CS model. In particular, we inductively 
construct all eigenfunctions of the CS model from anyon correlation functions, for all 
particle numbers and positive couplings. 



1 Introduction 



SeW] on integrable systems links the infinite dimen- 



The viewpoint of Graeme Segal [PS], 

sional Grassmanian approach of Sato []S| with the representation theory of loop groups. These 
two points of view overlap in the study of two dimensional quantum field theories. In the 
Sato approach, as in much of the physics literature, quantum field theory is regarded as an 
algebraic theory in which the usual Hilbert space formalism is absent. The Segal approach 
on the other hand deals with positive energy representations of loop groups in Hilbert spaces. 
Reconciling these points of view can be quite difficult although this has been done for many 
cases (see for example [CR, CHMS, BMTfl ). One way of thinking about the Segal approach is 
that it revolves around a Hilbert space definition of vertex operators. The algebraic approach 
to vertex operators is much studied in connection with Kac-Moody algebras |K], [F]] and may 
be regarded as the Lie algebraic version of the loop group projective representation theory. 
These Segal vertex operators arise from a boson field theory and were previously studied in a 
formal way in 

fH, 0> and made more precise in RStWj , pFZf ). In this approach one regu- 
larises the vertex operators so that they are proportional to operators representing loop group 
elements and then, after taking an appropriate limit, one finds that they generate fermions in 
some cases (the boson-fermion correspondence) and operators forming a Kac-Moody algebra 
in others IP SI, |Sc 



CHu|, depending on the precise form of the cocycle in the loop group 



projective representation. 

We may summarize the present paper as enlarging the loop group representation theory to 
encompass a boson-anyon correspondence. Our results extend those of the previous paragraph 
in that we construct, from a certain positive energy loop group representation, Segal-type 
vertex operators on a Hilbert space which have, as their limits, anyon field operators. These 
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anyon field operators applied to the vacuum, or cyclic vector, give new vectors in the Hilbert 
space which can be interpreted as anyon states. Each iV-particle anyon sector carries a 
representation of the braid group. The construction builds in fractional statistics from the 
outset, the precise statistics depending on the choice of anyon vertex operator. 

The idea of using a vertex operator construction to obtain particles with anyon type 
statistics is not new, see for example [Kl] and more recently fAMOSl| , |AMOS2| , | 0, |MS| and 
references therein. However the vertex operators described in these more recent references 
are not defined on the Fermion Fock space as limits of implementors of fermion gauge trans- 
formations. In other words they do not come from loop group elements. Indeed it is difficult 
to give a precise meaning to them at all and we do not attempt to do so here. Our vertex 
operators can be seen to have similar formal properties to those appearing in the papers 
mentioned, but are well defined in terms of positive energy representations of loop groups in 



the sense of [PS 



The benefits of our approach are the following. First there is a quantum Hamiltonian 
acting on the anyon states. This we believe resolves a long standing difficulty in the study of 
anyons in that it provides a basis for models incorporating interactions. Second we obtain a 
unifying view of a number of interesting ideas that have emerged in recent times in the physics 
literature. The most important of these is the connection with the Calogero- Sutherland (CS) 
model [|AMOSl| , |AMOS2j , § |MS| (see also @, pLV] , |BHKV1 , 0). Specifically we find that 
n-point anyon correlation functions provide useful building blocks for solutions to the CS 
system. Comparing with the known solutions of the CS system Fo2] we find that Jack 
polynomials |St]] may be expressed in terms of anyon correlation functions. (Similar relations 
were previously obtained by different methods in poll.) 



From this point of view the anyon Hamiltonian is a second quantized CS Hamiltonian. 
The final connection we make is with H^-algebras, again a connection which has been known 
from other approaches for some time |AMOSl| , |AMOS2j , | gfij. In this paper we do not 
recover the full import of the VF-algebra connection in the anyon case. This is a matter we 
intend to develop more fully elsewhere. However we do construct that part of the VF-algebra 
that we need as an algebra of unbounded operators with a common dense domain. This 
suffices for our purposes, namely the construction of an anyon Hamiltonian, constructing the 
CS model solutions as anyon correlation functions, obtaining the link with Jack polynomials, 
and finding the algebraic relations of the Hamiltonian with the anyon fields. 



2 Summary 

This paper contains a number of technical sections. In order to make the results accessible 
we present a summary here. At the same time we take the opportunity to introduce some of 
our notation. However, the reader will need to take some notation on trust and refer to later 
sections for the details. 

We work on an interval Sl = [-L/2, L/2] which we will think of as a circle of circumference 
L. We let P± be the spectral projections of — regarded as a self adjoint operator on a dense 
domain in L 2 {Sl). We let T denote the free fermion Fock space over L 2 {Sl). We choose 
the usual positive energy condition that the fermion fields are in a Fock representation of the 
algebra of the canonical anticommutation relations defined by P_ . This means the fermion 
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fields M/),</>(<7)* | f,ge L 2 (S L )} satisfy 

M(fyil>(9)to)r=(g,P-f)v {Sli) (l) 

where f2 is the vacuum or cyclic vector in T . We let Q denote the Fermion charge operator 
on J 7 , and R a unitary charge shift operator on T satisfying R~ X QR = Q + I (the precise 
choice for R will be explained later). 

We will construct regularised anyon field operators 4> v e {x) where v G R is a parameter 
determining the statistics, x G Sl, and e > is a regularization parameter. For positive 
£ the operator (j)"{x) is proportional to a unitary operator on T which represents a certain 
U(l) valued loop on Sl- These operators are not periodic but obey (the parameter uq will 
be explained below), 

<t> v e {x + L) = e-^ uuoQ (l3 v £ {x)e-^ UVoQ , 
and in the limit as e j they converge to operator valued distributions <j) v {x) satisfying 

^(x)^'(y) = e- M ^-yU v '(yW(x)- (2) 
In particular for p G A* = {^n\n G Z}, the formula 

0"(p) = lim / L/2 ^e ip3; e" WoQl/L ^(s)e" WoQ3;/i (3) 

e|0 7-L/2 

is a well-defined operator on J 7 (Proposition 1). Note that we have to insert factors to 
compensate for the non-periodicity of 4>^{x) before Fourier transformation. We also find that 
the statistics parameters u, u 1 for which Eq. (||) holds cannot be arbitrary but have to be 
integer multiples of some fixed (arbitrary) number i/q > 0. (If one is only interested in a 
single species of anyons one can chose vq = \v\.) 

A main focus is on the correlation functions of the anyon fields. These are distributions 
defined by taking the limit as e» J. of 

c^:;;;:^(u ,w 1 , W2 \ yi ,...,y N ) -.= (n,R^<f>»i(xi)---<j>Z(x N )R W2 n) (4) 

for Xj G Sl, vj/vq G Z (for fixed uq). Using general results for implementors of U(l) loops 
we obtain 

c zli::Sn(y^ w 1 ,w 2 \yi,..., y N ) = s wl+W2+ivi+ ,„ +l/N ) /l/0j0 

N N 

Xe i7r(w 1 -w 2 )vo(u 1 x 1 +-v N x N )/L jj jj b( Xj -x k ;ej +e k yi Vk (5) 

j=i k=j+i 

with 

b{x, e) := (e^T* - e^e^A = -2ie~^ /L sin £ (x + ie). (6) 

The reason for studying these correlation functions is the connection with the Calogero- 
Sutherland (CS) Hamiltonian [Su]. This is defined on the set of functions / G C 2 (S^;C) 
which are zero on {(x\, . . . , xn) G S^ \ Xj = x k for some k ^ j and/or xj = ±L/2 }, 

3+k 
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and which extends to a self-adjoint operator on L 2 (5^).[] 

We will prove that the eigenfunctions and spectrum of this Hamiltonian can be obtained 
from anyon correlation functions, namely as finite linear combinations of functions 

/„,*(n|x) := lim (fi, f(|n w )* • • • «i)*C(zi) • • • <%(x N )Sl) (8) 

where rij £ No (Theorem 3). We will obtain these results by constructing a self-adjoint 
operator l~i v ^ which can be regarded as a 'second quantization' of the CS Hamiltonian: it 
obeys the relations 

W' 3 #0n) • • • #(x*)n ~ H N ^{x x ) ■ ■ • <%(x N )n 

where '~' mean 'equal in the limit e I 0' (see Theorem 2 for details). We obtain T^' 3 
by arguing by analogy with the well known lU-algebra associated with fermions. Using 
analogous formulae we construct the first few generators TC U ' S , s = 1,2,3, of an anyon W- 
algebra. Understanding the complete anyon W-algebra is a problem we leave for a further 
investigation. 

This main result implies explicit formulas for the eigenvalues and a simple algorithm to 
construct eigenvectors ^^(n) of H N u 2 as finite linear combinations of vectors 

r )VjN (n) = ^{^n 1 )--4 I/ (^n N )n, n = (m, . . . ,n N ) G <. (9) 

These vectors Eq. (^) can be naturally interpreted as iV-anyon states with anyon momenta 
Pj = ^j-nj. Using these relations we can compute 

in two different ways, and in the limit e j we obtain functions (of the variables (x%, . . . , xn)) 
in L 2 (S^) which are the promised eigenfunctions of H Nu 2 (Theorem 3). 

In the last subsection we observe that we recover the known spectrum of the CS Hamil- 
tonian. Comparing with the known solutions of the CS model [ [Fo2j ], we can establish the 
relationship between the eigenfunctions of Theorem 3 and the Jack polynomials. 



3 Preliminaries 

The subsequent discussion relies on some standard material which is summarized in this 



section. We will follow essentially the treatment in [pHu| , [|Pql , [|CR |, 



3.1 Notation 

We denote by N and No the positive and non-negative integers, respectively. Let 

A* = {p = —n | n £ 1} (10) 



1 Since Eq. ((?]) obviously is a positive symmetric operator, this follows e.g. from Theorem X.23 in Ref. ]RS2| 
(the Friedrich's extension). Our approach will lead to a particular self-adjoint extension which is related to 
the standard one feu[ in a simple manner. 



4 



and 

Itt 1 

K = {k= T (n + ~) | neZ}. (11) 

Our underlying Hilbert space for the fermions we take to be L 2 {Sl) = ^ 2 (Aq). These are 
identified via the Fourier transform defined by 



/>) = -L [ L/2 dxf{x)e- ik * (12) 

V27T J-L/2 



rL/2 
-L/2 

for k G Aq. An orthogonal basis of L 2 (Sl) is provided by the functions 



efe (x) = -=e^, kAJ. (13) 

V Z7T 



and then we have 

k 

The spectral projection P_ corresponding to the negative eigenvalues of -? is defined as 
(P-f)(k) = f(k) for k < and = otherwise. We also use P + = I - P_. 



3.2 Quasi-free representations of the CAR algebra 

Let {a(f),a(g)* | /, g G L 2 (5l)} be the usual generators of the fermion field algebra over 
L 2 (Sl), satisfying the canonical anticommutation relations (CAR) 

a(f)a(g) + a{g)a{f) = 0, a(f)a(g)* + a(g)*a(f) = (f, 9 ) l2(Sl) I. (14) 

In the representation 7rp of this algebra determined by the projection P_ we write ip{f) = 
irp_ (a(/)). If Q denotes the cyclic (or vacuum) vector in the Fock space T on which irp_ acts 
then this representation is specified by the following conditions, 

^p + m = o=r(p-m- us) 

We also use the notation 

^M(fc)=V W (e fc ), keA* . (16) 



3.3 Wedge representation of the loop group 

Each unitary operator U on L 2 (Sl), with P±UPzf Hilbert-Schmidt, defines an 'implemented 
r(C7), on the Fock space T satisfying 

Of particular interest is the representation of the smooth loop group Q = C°° (S l'-,U {!)) of 
U{1) by implementors of the unitaries U(ip) acting on L 2 (Sl)- These are defined for ip G Q 
by 

U(<p)f = ipf, f€L 2 (S L ). (18) 
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Then T gives a projective representation of Q on T. Writing T((p) for T(U((p)) we may choose 

i»*=I>*) (19) 

and we have 

r(<p)T(<p')=*(<p,<p')T(<pip') (20) 

where a((p,ip') is some U(T) valued group two-cocycle on Q. We will determine this cocycle 
next. 

The choice of phase of T((p) is important for giving an exact formula for a. For those 
ip = e ta , with a S LieQ := C°°(Sl', R), the map r — ► r(e* ra ) is required to be a one parameter 
group such that the generator dY(a) of this group satisfies (Q, dT(a)Q) = 0. Then we have 

[dr(a),Tp( g y}=i>(agy (21) 

and a standard calculation flCHufl , [ ]PS| , [ pR| ] gives 

[dT(ai),dr(a 2 )] = is{a u a 2 )I (22) 

with the Lie algebra two-cocycle 

, . 1 f L / 2 , ,dai(2;) da2(x). 
-(ax.aa) = -J_^dx{-^-^{x)- ai {x)-^-). (23) 

Hence the 

T(e ia ) = e idr ^ (24) 
are Weyl operators satisfying Eq. (3.2) with a(e tai , e m2 ) = e - iS ( Q i. Q 2)/2_ 

We will also use t£T(a) for complex valued a. These are naturally defined by linearity, 

dT( ai +ia 2 ) = dT{ ai ) + idT{a 2 ) a 1:2 e C°°{S L ;R). (25) 

Then 

dF(a)* = dT(a*) (26) 

(we use the same symbol * for Hilbert space adjoints and complex conjugation), and Eqs. 
( |22"1) and (|23|) extend to C°°(Sl',C) so that s defines a complex bilinear form in an obvious 
way. 

Here a technical remark is in order. The operators dT(a), a G C°°(Sl;C) are all un- 
bounded. However, there is a common, dense, domain D which is left invariant by all opera- 



tors r(c^), (p S Q (this is discussed in more detail in Appendix B). Thus Eqs. (|2l|), (|22|), (|25D 
and similar equations below are all well-defined on T>. We also note that all vectors in T> are 
analytic for all the operators dT(a), a £ C°°(»Sl;C) (see e.g. [CR|). 

It is convenient to decompose loops into their positive, negative and zero Fourier compo- 
nents, 



1 E ' 

±p>0 

where 



a(x) = a + (x) + a~(x) + a; a ± (x) = - ^ a(p)e ipx , a = T a(0) (27) 



a(p) = [ L/2 dxa(x)e~ ipx pG A*. (28) 

J-L/2 
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Then 

eZT(a) = dT(a + ) + dT(a') + aQ (29) 

with Q = dT(I). Note that 

dr( a -)n = dr(a + yn = Qn = o (30) 

(highest weight condition) implying 

(n, dr(ai)dr(a 2 )ft) = (n, dT(a^)dT(a^)n) = **(af, <4). (31) 

We also have is(a~ , a + ) > which can be also easily be seen from the explicit formula for s, 

is(a u a 2 )= 2~£«1(-P)«2(p). ( 32 ) 

Standard arguments now give us (for a real valued) 

/ n,r(e fa )fi) = e-*»(° r ' a+ >. (33) 



We also need i? = r(0i) which implements the operator U{4>\) where (f>i(x) = e 2mx / L (for an 
explicit construction of r(^>i) see e.g. [|Rj). The phase of this unitary operator will be fixed 
latter. Notice that 

R^ 1 dF(a)R = dT(a) + aJ. (34) 
(this will be explained in more detail in Appendix A). 
General loops in Q are of the form ip = e l f with 

2ir 

f(x) = w—x + a(x) (35) 

Li 

with periodic a and integer w = [/(L/2) — f(—L/2)]/2w (uu is the winding number of (p). We 
then define 

T(e if ) := e ^Q/2^ e i<5Q/2 r ( e i(a++a-)). ( 36 ) 
This fixes the phase for all implementors. With that we get 

CT ( e */i )e «/2) =e -iS(/l,/ 2 )/2 ( 37) 

where we introduced 

S(h, h) = s(ai, a 2 ) + (w fl a 2 - a\Wf 2 ). (38) 
It is worth noting that one can write 

s ifuh) . A( | )A( _£ _ A( _| )A( |, + _L j***M m - ,30) 

which (up to trivial, but nevertheless important, rescaling of variables) is identical to the 
antisymmetric two cocycle introduced by Segal [3e|. Notice that our choice of phase for the 
implementors implies that 

'n,T(e if )n)=Q iiw^O. (40) 
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We will need the following relation 

T(e ifl )T(e lf2 )- • • r(e i/jv ) = (J[ e~ iSi - f J Jk)l2 )T(e ih e ih ■ ■ ■ e if * 

j<k 



(41) 



which follows by induction (here and in the following l~[j<fc i s short for YljLi Ylk=j+i 



We introduce normal ordering 
number zero it is defined as 



• • x as follows. For implementors of loops of winding 

T(e ia ) S := e «?(a- a+)/2 r ( e «*) ^ 



with the numerical factor chosen such that (Ct, xY(e ia ) x O) = 1 [cf. Eq. (33)] . We extend 
this to implementors of general loops, 



\T{e if ) x ,:=e mQ l 2 R w e mQ ' 2 iV(e l ^ a++a ^) 



and to products of implementors, 



:r(e i/l )r(e i/2 )---r( e ^ 



X X 

x '. — X 



T(e ifl e ih ■■■e ifh 



A straightforward computation then implies the following relations 



!r(e^)^r(e^)£ = e -<S(/i,/2)/2 *r(e^)r(e^) 



with 



S{h,h) = wia 2 - aiw 2 + 2S(a 1 ,a$) = -S(f 2 , fx) 
which will be useful in the following. Finally, 



(43) 
(44) 

(45) 
(46) 



i dT(ai) • • • dT(a m )T(e lf ) x := (-i) 



da\ ■ ■ ■ da r . 



■ e iaidT(ai) _ _ _ e «amdr(a m )p|- e i/-j 



and 



AB 



x _ x R/t x _ x /X /|X\ R x _ X/X « XwX R XNX 
x — xMx — x ( x A x )£> x — x x/lx x£)x x 



(47) 
(48) 



extends the definition of normal ordering to arbitrary products of operators dT(ctj) and 
r(e*^ fc ). We note that by Stone's theorem [RSI] the differentiations here are well-defined in 
the strong sense on the dense domain D defined in Appendix B. 



It is convenient to introduce the operators 

p(p):=dT(e p ), e p (x) = e"^, p G A* 

which allow us to write 



(49) 
(50) 



The p(p) have a natural interpretation as boson field operators and will be further discussed 
in Appendix A. The subspace T>b (finite boson vectors) of T spanned by vectors of the form 



Vb = p{-q\) ■ ■ ■ p{-q n )R l Cl, qj > 0, n G N , £ G Z 
will be important for us. Note that is dense in T (see e.g. ]CR|). 



(51) 



8 



Appendix A. Relation to quantum field theory 



In this section we make contact with notation from the more algebraic approach to the results 
summarized above |k|], | KRi |. This notation is close to that commonly used in the physics 
literature. First the representation ttp_ of the CAR algebra can be described in terms of the 
operators ^*\k) Eq. ( |l~6| ) which satisfy the following relations 

$(k)4>(k')* + $(tf)*j>(k) = £-6 k)k ,I (52) 

and 

$(jfe)n = = $*(-A;)n, k>0. (53) 

We chose the physics notation for the operators p(p) defined in Eq. (^). These operators 
satisfy some additional relations easily proved from their definition. For example, Eqs. (^l|)- 
© imply [p(p)J(k)*\ = i>(k-p)\ 



\p(p) , p{q)] = p^-5. P)q I, p,qeA*, (54) 



and p(—p) = p(p)* ■ Moreover, 

p(p)n = p > (55) 
follows from Eq. (^) . If we define the usual Wick ordering for free fermions by 

?/m*7/,a f -ipik'Wk)* tfk' = k<0 
: ^W):=( \ k $fa otherwise , ^ 

we can write 

Kp) = T E -rik-prnk):. (57) 



keA* 



Since this formally is equivalent to p(p) = fs L dx : ift*(x)ip(x) : e~ ipx the p(p) can be 
interpreted as the Fourier modes of the fermion currents which (formally) are defined as 
p(x) = : ^p*(x)i/j(x) :. This motivates our notation for these operators. In particular Q = p(0) 
is the fermion charge operator. 



It follows from Eq. (|17| ) and the definition of R that 

R^ikjR- 1 = 4>{k + (58) 

From (58) and ( |54| ) we deduce the important relation: 

R^p^R = p( P ) + 5 pfi I (59) 



equivalent to Eq. fl34|). This implies R~ W QR W = Q + wl for arbitrary integers w. Notice 
that as R w £l is in the eigenspace of Q with eigenvalue w we have (Q, R W Q) = 5 Wj o. More 
generally, (Q — wI)T(e l f)Q = 0, which implies Eq. (|40|). 
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Appendix B. Domains for unbounded operators 



In this paper we are dealing with an algebra of unbounded operators. For many of the 
subsequent calculations to make mathematical sense it is essential to understand how the 
domain on which they all act is obtained. The technical results we need are all contained in 
flCRj|GL|. 



As mentioned above, implementers dT(a) of loops a G C°°(Sl',C) are unbounded. How- 
ever they have a common invariant dense domain D which we now describe. For vectors 

Vf = $*(h)---$*(k n )4(-ei)---$(-£ m )Sl, k,4>0,n,m€N (60) 

we set 

/ rjf if n + m < A , . 

P\Vf ■= S n ^ ■ , A G N, (61) 

J I otherwise 

and this defines a family of projection operators on T such that s — Iini\- +O o P\ = Ij see e.g. 



HCTq . Thus 

Vq := {F G !F\P\F = F for some positive integer A } (62) 

is a dense subspace in T . The space V consists of analytic vectors for the operators dT(a), 
a G C°°(S L ;C). This follows from 

dT(a)P x = P x+2 dT(a)P x , \\dT(a)P x \\ <C a (X + 2) 



where || • • • || is the operator norm and C a a constant depending only on a, see [CR|. It 
follows that dT(a), a G C°°(S'i / ,K), is essentially self-adjoint on Dq. 

We extend T>q to a space which is also invariant under all implementers of the loop group 
and define T> as the linear span of vectors T((p)F, F G T>o and ip G Q. We summarize the 
properties of the domain T>: 

(i) D is a common, dense, invariant set of analytic vectors for all operators dT(a), a G 
C°°(S L ,C), 

(ii) T> is invariant under all operators T(ip), (p G Q, 
(Hi) T> contains XV 

(The properties (i) and (ii) follow from the corresponding properties of T>q and the following 
relation, 

T(e- if )dT(a)T(e if ) = dT(a) + S(f,a)I (63) 

which is easily proved using Eqs. (|2"0|), (E^), ( p7| ) and (f25|). Property (Hi) follows trivially 
from the definitions.) 

We finally justify a formula which we will need below. We observe that formally, * Y(e i ^ ) x 



Eq. (H) equals 

e iaQ/2 R w e iaQ/2 e idr(a+) e idT(a-)_ 

(using e *(^++^-) = e iA +e iA- e [A+,A-]/2 £ or £ ± _ ^p( a ±) anc j Eq. (|22|) ff, this would account 
for Eq. (42)). This formula is problematic since the operators e ldr ^ are only defined for 
rea/-valued functions a. However, 

(n, R- e p(k m ) ■ ■ ■ p^dr^rpt-k'j ■ ■ ■ p(-k' m ,)R l 'n) 
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is always zero for n > max(m, m') (this is easily proved by using Eq. ([}(]) after applying 
repeatedly Eq. (|22|)). Thus 



OO -fi 



71=0 



can be defined as a sesquilinear form on T)^. Since e ldr ( a ^R^Q, = R^Q, for all i G Z, it follows 
that 



r(e i/ )^0 = e ^(^/ 2 +^) £ —dT{a + ) n R w+e n (64) 

n=0 ' 

where the r.h.s of this equation is well-defined as an element in the dual of T>\>. 



4 Vertex Operators 

4.1 Boson- fermion correspondence 

As a motivation and to introduce notation, we first recall how the boson-fermion correspon- 



dence can be derived from the results summarized in the last Section [PS, CHu|. In Ref. [Se] 
a so-called 'blip' function was introduced which equals, up to the sign, 

e i(x-y)2n/L _ ^ 
-, rr — jj- , < A < 1. 

which is the exponential of a smoothed out step function. Writing it as e % f y > e with A = e~ 2n£ ^ L 
one gets 

fyA x ) = ~^{x-y) + a^ £ {x) + a yj£ (x) (65) 



with 



OO -i 

a± £ (x) = ±i log(l - eM±*(*-w)-e)/£) = T iJ^ - e ± 2i ™(*-y)/ L e -^ n / L . (66) 



n=l 



Note that the winding number of f y>e equals 1. Since f y ,s(x) for e [ converges to 7rsgn(x — y) 
we will also use the following suggestive notation, 

sgn(x - y;e) := -f yE {x). (67) 

7T 



Later we will also need the function 8 y , £ (x) = d x f y ^{x) /2i: i.e. 

1 

I 



5y, e ^) = j + ^ £ (x)+5- £ (x) (68) 



with 

6± e ( x ) = ]-J2 e ±2m{x ~ y)n/L e- 2n£n/L . (69) 

L n>0 

These functions have the following important properties which we summarize as 
Lemma 1: 



S(fy,e,fy>,e>) = ^ S gn(y - y' ■ 8 + e') (70) 
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(The proof of these relations is a straightforward calculation which we skip.) 



Then for e > and integer v the operators (j>"(y) '■= x T(e lu ^ v ' s ) * = (f> £ u (y)* are well- 
defined, and from Lemma 1 and Eqs. (|20|) and (|37|) we conclude 



CGM'V) = e - iWs ^-^ +£ ^V)CG/)- (71) 

For odd integers u, v' and in the limit e,e' j these formally become anticommutator re- 
lations. This suggests that the 0^ 1 (y) in this limit are fermion operators. Indeed one can 
prove 

r(k) = hm^L= [ L/2 dy4(y)e ik \ k G A* (72) 



in the sense of strong convergence on a dense domain (see e.g. [CHu, |PSf ). This is the central 
result of the boson-fermion correspondence. We note that this relation also fixes the phase 
of the unitary operator R. 



4.2 Construction of anyons 

To construct anyons we have to extend the relations Eq. (|7l]) to non-integer u, v' . However, 
the functions e^ v h< e \ x i are not periodic and thus T(e lv f y < e ) does not exist. To circumvent this 
problem, we note that S(f\, f%) Eq. (|38|) is invariant under changes on — > a^A and W{ — ► Wi/X 
with an arbitrary scaling parameter A. We use this to construct a function f yE (x) which has 
the following properties, 

(i) e iv fy,e( x ) i s periodic for all u, 

(U) S(fy t£ , fy :£ ) = S(fy j£ , fy j£ ). 

Since the functions vfy )£ (x) have winding numbers different from zero, the first requirement 
can only be fulfilled for v values which are an integer multiple of some fixed number v$ > 0. 
Then 

fvA x ) = — j^-y + a y,ei. x ) + a yA x ) ( 73 ) 

has the desired properties. Thus the operators 

<PM'=*nj™ }v ")* = 47 v i3iY, y-=vw, /i« (74) 

are well-defined for e > 0, and they obey the exchange relations Eq. ([n|) but now for all 
v, v' which are integer multiples of vq . Thus the theory of loop groups provides a simple and 
rigorous construction of regularised anyon field operators <t>"(x). 

Remark: To be precise, one should denote the anyon operators defined in Eq. ([74|) as 
(/) £ °^(y). Then Eq. |n]) would read 

W^V) = e- i ^oVM'sgn(y-y'; e + e ')^o,M' (y / ) ^o,M( y ) ^ ^ £ Z . 

Making the independence manifest would allow us to obtain slightly more general results. 
However, it would also lead to a proliferation of indices which is a price we are not willing to 



12 



pay. 



We note that this definition and Eq. (^) imply that the anyon fields are not periodic but 
the operators 

#(y) := e i™»oQy/L^( y ynvv Qy/L = R u/u x ^udT^+ay,.) x ^ 

are. This suggests that the Fourier modes (j) v {p) of the anyons fields as defined in Eq. (|J) are 
well-defined operators. In fact: 

Proposition 1: The 4> u (p) defined in Eq. ffl) are operators with T>b as common, dense, 
invariant domain. Especially, 

<j) u (0)R e n = R e+u/ "°Q W £ Z. (76) 



The proof of this is given in Appendix C. It implies that all vectors r] u ^(n) Eq. (g) are 
in Vf,. This is important due to the following result also proven in Appendix C: 

Proposition 2: For rj £ T>\,, 

F"(x\, . . . , x N ) := lim (77, (f) u £ {xi) ■ ■ ■ (j) £ (x N )Q) (77) 

exists and has the form 
where 

i n n y 2 

A^ 2 (x) := lim J] J] b( Xj - x k ; e) (79) 

£ y=i k=j+i J 

with b given in Eq. ^) and V^{v\l) a symmetric polynomial^ Especially, F"(x) € L 2 (S^). 

Proposition 2 follows from the following explicit formula derived in Appendix C: for r]b 
Eq. (H, 

n / N \ 

Fl( Xl , ■■■,x N ) = 5 eiNu/uo e- i ™ 2 ^ + ~+ x ^ N / L J] E » e ~ i9jXk A n^ ■ ■ ■ (80) 

j=l \k=l I 

We note that [x\, . . . , xn) equals, up to a constant, to the well-known ground state wave 
function of the Sutherland model (see e.g. pup- This will be further explored in Section |6[ 

Using Eqs. (g) and (||) we now obtain 

ei,...,ejv|0 J-L/2 J-L/2 

= lim f L/2 d Xl e iP ^ ■ ■ ■ f L/2 dx N e iPNXN ^ £N ( Xl ) ■ ■ ■ <% N (x N )n (81) 

ei,...,EiviO J-L/2 J-L/2 



i.e. a polynomial which is invariant under permutations of the arguments; see jMcD| ] 
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with pj = ^jjfij and 

P j = P j!U)N (n) = ^(n j + u 2 (N + j = l,2,...7V. (82) 

(To derive this formula we used repeatedly e ic< ^R w Q = e lcw R w Q for c£M and w 6 Z.) These 
Pj can be interpreted as anyon momenta, and they will play an important role in Section ^. 
It is interesting to note how the momentum shifts oc v 2 appear in our formalism: they are 
due to the factors e -™»oQx/L in Eq> ^ w hi c h 

are necessary to make the anyon operators 

periodic. 

We finally formulate a highest weight condition for the Fourier modes of the anyon field 
operators which is analogous to Eq. ( |53[) and will also play an important role in Section ||. 



Proposition 3: The vector r] v ^(n) Eq. (||) is non-zero only if the following conditions are 
fulfilled, 

ni+n 2 + ... + n N > (83) 

N 

n e + 2j ' l ~ ln j > for £ = 1,2,... N. (84) 
j=l+i 



Again we defer the proof to Appendix C. 



4.3 Anyon correlation functions 



The results of the last two subsections enable us to complete one of our main aims namely 



to compute all anyon correlations functions. First eqs. (42), (44), and (|7Q ) imply 

• • • <f>ZM = ■ ■ ■ *€\(xi) ■ ■ ■ € N N M S (85) 

where 

. • • , x N ) = J] b( Xj - x k ; sj + e k y^ (86) 
j<k 

and the function b(r, e) is defined in Eq. (0) . Note that our definition of normal ordering 
implies 

i-K(w 1 -W2)vo(v 1 x 1 +...+v N x N )/ L 

(87) 



Now using equations (|3^), ( ^Q) we obtain Eqs. (||)-(||). Our main interest is in the 
functions (||) which can be written as 

f»M n \x) = F C,Jv(n)( X )- 

By a simple computation, 

fL/2 rL/2 

U, N {n\x) = lim lim / d yi e~ lP ^ ■■■ 

elO ei,...,ejy|0 J-L/2 J-L/2 



dy N e 



-iP N yn 
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e 



x (n, 4-;^) • • • <^(2/i)C(*i) • • • 

/■i/2 . ,L/2 

lim / dyie~ ipiyi ■■■ 

eiQ J-L/2 J-L/2 

x II -yy'' e i + £ j'Y 2 ]lKyj -xr,2ey 

j>j' j,i 



in»*(xi+...+x„)N/L A u*( x ^ _ _ dyie -iPM . . . dy N e- ipNVN 



where pj = -fjUj and b(x, e) := I 1 — e £ e e* £ 11 I . Comparing with Eq. (|7q) we see that 

/■V 2 .2tt /-i/ 2 2tt 

^ Jv(n) (z 1 ,...,z w )=hm / d yi e-*- n ^--- / d^e" 4 -™ 

_ / 2tt .2tt, s\ y2 _/ 2vr .2tt 

j>j' ^ ' iA ^ 

We now can expand the integrand in a Taylor series in the exponentials and then perform 
the yj-integrations. The final result is 

- 'Tnnn (£) ( m ; 2 ) (-D-(-*r* c»> 

where ( ^ | are the binomial coefficients as usual and Y\' here means summation over all 

V n J 

Hjji,rnjt G No such that 

j-l N N 

Yl Vjj' ~ I'j'j ' X! 111 j' "J for i = l,2...iV . (90) 

f=i j'=j+l £=i 



4.4 The braid group 

The braid group will not play a role in our deliberations however we mention one observation 
for completeness. We define operators on the iV-anyon subspace as follows. On a vector 

define, for i £ {1, 2, N — 1}, G{ to be the operator which interchanges the i th and (i + l) th 
arguments and multiplies by the phase: 

e -iTTi/ 2 sgn(xi-x i+ i;e)/2 

An easy calculation reveals that the braid relations hold: 

OiOj = UjCii, \i - j\ > 1, 

*? = 1 

(JjGiGj = <Ti<Tj(Ji, \i — j\ = l. 

So we have a braid group action on each iV-anyon subspace. 
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Appendix C. Proofs 



C.l Proof of Proposition 1: According to Eqs. (S) we have to compute 

i-L/2 



(•) := 



dye™cf>»(y)Vb, 



-L/2 

(we used (|75|)) for rjb as in Eq. (|5l|), and show that this has a well-defined strong limit e J. 
which is in ZV We note that Eq. (|63[) implies for all g G A* 



4> v Mp{q) = [p(q) - ve^-W'l] <j> v E {x) (91) 
(we used Eqs. @, (j7|) and S{fy )£ ,e q ) = e~ iqy ~\ q \ £ ), and similarly for 0. We thus obtain 

€(vH = [p(-qi) - ve^y +ie h] ■ ■ ■ [ P (-q n ) - ve iq ^ +ie h 



m=0 



where we used Eqs. Q and (p4|). Now 



1 27T 

j=i J 



thus 



(•) 



L/2 
-L/2 

X 



dye*™ [p(- 



Ql ) - ve iqi{y+i£) i] ■ ■ ■ \ P {-q n ) - ve iq ^ y+i£) I 



e n 



v m i _.2tt 



mi ,rri2,...=0 j'=l J' - ' 



i—i{y-iz)mj p(_2Ej~jmj R t+v l u O£l^ 



We see that only terms with 



2tt 00 

— y 3 m j =P + Siqi H h 5 n g n , 5* = 0, 1, m,- = 0, 1, 2, 

^ i=i 



(92) 



are non-zero after the integration, and this is only a finite number of terms. Notice that the 
e dependence arises only in the scalars multiplying these finitely many vectors. It is now 
obvious that the limit <p u {p)r]b = h m £j,o(") exists in norm, and we obtain 



<5l+...+<5n " 



K-Qi 



,l-<5i 



,1-in 



IE 



rrij \j 



p(-2*j)ms Rt+vfotl (93) 



where J2' means that the sum is over all <5j and nij obeying the condition Eq. (|92|), and Yl'j 
indicates that the product over j is also constrained by (92). This is manifestly a vector in 
T> b - 



Especially for p = and n = we get Eq. 

C.2 Proof of Proposition 2: We compute (•) := (rjb, (psivi) • • • 4>e(yN)ty with rjb Eq. 
We obtain 

(•) = (Q, R~*p{q n ) ■ ■ ■ p{qiW £ {yi) ■ ■ ■ €(VN)^) , 



□ 
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and by a simple computation, 

(.) = ^e-taGa-fe) + . . . ve -m{y N -ie)^ ^ BT l p{q n ) ■ ■ ■ /K<fc)#(ift) ■■■ + €(vn)^) 

n 



3=1 



n / N \ 

n e^ m w 

7=1 \fc=l / 



W {3/1+ ... +yj v)iV/L-Q 6(y ._ yfc;2e)l 



with 6 denned in Eq. @ (we used Eqs. (91) and fl5l| ) in the first two lines and Eqs. @-^5 
in the third). It is now manifest that the limit F" = lim e jo( - ) exists, and we obtain Eq. (|80 
which is obviously in L 2 (S^). 



□ 



C.3 Proof of Proposition 3: Using Eqs. ( |75|) and ( |45|) we obtain by a straightforward 
computation 



[L/2 

n^ N (n) = hm / dy x e 

ei,...,e m J.O J -L/2 



2-Kimyi/L _ _ _ 



L/2 



-L/2 



dy N e 



2mn N y N /L/ _ ^ 



where (• • •) equals 

2 / 00 1 

U (l — e 2-fe-^)/£-2^+e,)^ exp f TP(-X k ) 



k=l 



' AT 
k'=l 



-2nik(y k ,-ie k ,)/L 



R N n. 



(Note that the limit is in the strong sense.) Expanding the latter in powers of e iyj ^ L shows 
that this is a sum of terms proportional to 

TJ e iq]i(y]-ye+i£j-i£e) J~| e ~iQk(yk-iek) 

j<e k 
where q^i and qu are in A* and non-negative. Thus r] v ,N(n) can be non-zero only if 

i-i N 



2ir x - x - 

j=i j=e+i 



for 1= 1,2, ...N 



for at least one set of non-negative numbers qje,qk £ A*. Adding these conditions we get 
J2eLi n i ~ J2eLi 1i = which implies Eq. (|S3|). Moreover, if these conditions hold then 



2n " 
qjl = -j-n e + ^ ■ 



:>o) vj< 



with '(> 0)' terms which always are non-negative. By induction we obtain from this 



2tt 



2vr 



N 



qjl = -jjn e + ]T 2?' 1 e \ —n f + £ q yi , J - (> 0) Vj < 



which should be positive. Setting k = N this implies Eq. (84). 



□ 
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5 W- charges 



5.1 Motivation 

There are self-adjoint operators W s on T obeying 

[W s ,i>*{k)] = k s - 1 i>*{k) VkeA* , wn = o (seN). (94) 
If we introduce an operator valued distribution tp*{x) such that 



ip*(k) = ip*(e k ) = / dxe k {x)ip*{x), 
Js L 

the commutator relations in Eq. ( p4| ) are (formally^]) equivalent to 

iw s ,r(x)] = * s - 1 -^r(x). (95) 

These operators W s can be represented in terms of the operators p(p) Eq. j4S|), 
W l = p(0) 

w 2 = I E *p(p)p(-p) * 

peA* 

4"7T 2 7T 2 

W " = ^2 E Sp(Pi)flft)p(-pi-P2) 3-^/5(0) (96) 
pi,P2eA* 

etc. 

These formulas are known in the physics literature (see e.g. Q). We shall construct operators 
which obey similar relations with the anyon field operators <j) v E {x). To explain our method, 
we will first present a construction of operators W s obeying Eq. ( |9l ) for all s £ N. We then 
show how to partly extend this to anyons. The extension is essentially trivial for s = 1,2. 
The first non-trivial case is s = 3. We propose a natural generalization of and show that 
it corresponds to a 'second quantization' of the CS Hamiltonian Eq. (|7|), as described in the 
Introduction. 

To simplify our notation, we set vq = v in the rest of the paper. 



5.2 Vl^-charges for fermions 

We define 

W e {y\ a) := N u {a) (i e ^r(f y+a , E -f y , £ ) * _/j ^ (g?) 
with functions f yE given by equations (^), (|66|) and the normalization constant 

NU{a) = 2L^cos- 2 (fa)tan(fa)- (98) 

In this Section we are mainly interested in the fermion case where v = 1 , but in our discussion 
on anyons later we will need these formulas for general non-zero v £ R. 

3 our results below will actually give a precise mathematical meaning to this 
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We claim that 



rL/2 °° (- _,• „\s-l s-2 

W{a) := lim / dyV^(y;a) = £ 1 , J 

40 7-L/2 (s - 1)! 



(99) 



defines an operator valued generating function for operators W v ' s , s S N. To be more precise: 



Lemma 2: For all a £ M and non-zero v E R, i/ie operators W"(a) -Eos. §Fj$-(%) are 
well-defined on Vf, and leave T>b invariant. Especially, 



W(a)fi = 0. 



(100) 



Moreover, Eq. ( pty defines a family of operators W v > s , s£N, which have T>\, as a common, 
dense invariant domain of definition. 



The proof of this result is in Appendix D. We now show how to compute these operators 
W u,s explicitly. We define 



where d y = J^, and 4 



With that we obtain 



pM := dT(5 y , E ) = Pe {y) + ^—J^-Q- 



oT{f y+a , £ - f y , £ ) = -27T £ ^-d^pM 



(101) 



(102) 



fc=l 



,S! 



and one can expand W £ {y;a) Eq. (^) in a formal power series in o. A straightforward 
computation then gives 



W u ' 2 



L/2 

dy *Pe{y) 

-L/2 
L/2 

dy x - 

-L/2 

4vr 2 f L / 2 



7T 



e|0 

dy xp £ (y) 2 x 



40 



^- / ^ lp £ (yf. + * (2-3v 2 )W^ 
3 7_i/2 40 3L z v z 



(103) 



etc. 



(this list can be easily extended with the help of a symbolic programming language like 
MAPLE). Note that for u = 1, these are identical to the operators in Eq. (p6|), = W s 



for s = 1,2,3. Later we will also need the following formulas which are obtained by simple 
computations from the definitions above, 



W 

w 



(2 - v)Q 



v.2 



W 2 + ~(1 - - 3v)Q 2 



4 Note that p(p) = lim e |o J^0 2 d% Pe( x ) e ipx , which motivates our notation. 
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W u,3 = W 3 + 4^(l-u)QW 2 + ^ (l-vf^-^Q? 

L 3 \ L J 

"Ki) 2(i_z ' )(i "^" 3i/2)q - (104) 

etc. 



The result described in the last subsection can now be stated as follows. 



Theorem 1: The operators W l,s obey the relations Eq. (94) i.e. W l,s = W s for all s £ N. 



Proof: We recall Eq. ( 100 ) for v = 1. Here we will show that 

[W 1 (a), <!//"(*;)] = e~ ika i)*{k) 



(105) 



These two relations prove the result, as can be seen by an expansion in a formal power series 
in a and using Eq. (|99[). 



To prove Eq. ( |105| ) we use the boson- fermion correspondence Eq. (7^). We thus compute 
the commutator of W],{y) with 4> l £ (x) = T(e ifx ^). With Eqs. @, (gffjand © we obtain 



with 



i \ atK \ I sin 7J (y + a-x + ie) s 

(• • •) := N (a) i Srr ; c.c. 

K ; v ' I sinf {y-x + ie) 



2L 



(cot j^(y — x + 



IE — C.C. 



where e = e + e' and c.c. means the same term complex conjugated. We now use that 

± ^ cot f (y - x ± is) = — + 5± £ ~(y) 



(106) 



which is easily seen by expanding the l.h.s as a Taylor series in e ±l ^ x)2ir/L e s2n/L^ Thus 
(• • •) = 8x,e(y) independent of a (!), and we obtain 

[w 1 Ay,a), ( f > l(x)}=5 x , £+£! (y) Sr( e ^«.«+W'-/».e'])5 . 

Using Eqs. © and flfD we thus obtain for the l.h.s. of Eq. flTo|), 



1 r L / 2 r L / 2 
lim-== / dxe lkx \\m dy5 X£+£/ (y)xr(e l[f ^ +f y+^'- f y^ ] )x 

elO \/2llL J-L/2 e'lOJ-L/2 

= lim^L= [ L/2 dxe ikx $T(e if *+^)$ 
eio v / 2vrLi-L/2 

in the sense of strong convergence on a dense domain. Recalling r(e*^' e ) = 4>\{x) and using 
Eq. (72) again we obtain the r.h.s. of Eq. (j!05|). □ 



We finally discuss a technical point which will be important in the next Section: Our 
proof above shows that 

[W\a),<t>l(x)]~<t>l(x + a) 
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where '~' means equality after smearing with appropriate test functions, and taking the 
strong limit e j on an appropriate dense domain. It will be useful to characterize '~' more 
explicitly as follows. Using Eq. (FF3) we define 



(107) 



'.(x;a) := lim / dy5 xe+£l (y) ir(e w[fx ' e+f v+^'~ f y^' ] ) 

e'lOj-L/2 



Then <\> v e (x; a) ~ 4> v e [x + a )- We now define 



qs-1 gs-1 _ 



(108) 



a=0 



for s = 1,2,..., which we regard as e-deformed differentiations. We specify the relation 
between these and the ordinary differentiations in the following 



Lemma 3: 



or 1 

d F x s ~ 







,8-1 



T CW+excf(x)^(x) x 



(109) 



where cp u (x) is a well-defined operator-valued distribution for e \ 0. 2?specm//y,f] 

<£"(*) = <£"(*) = 0, 



L 2 



E P(p 1 )p(p 2 )e t ^ + P 2 )--(e- 



■e(|pi+P2|) _ e -e|pi|-e|p2| 



Pi,P2GA* 

(The proof is a straightforward computation which we skip.) 



(110) 



5.3 VF-charges for anyons 



The considerations of the preceding section may be extended to cover the case of anyons 
i.e. v an arbitrary non-zero real number. Using an argument similar to that in the proof of 
Theorem 1, we compute 



\WZ(y]a),<%(x)] = (•••) £r(e^ e+ W'-4e']); 



with (• • •) equal to 



sin £ (y + a — x + is) 
sin j^(y — x + ii) 



c.c. 



N u (a) cos u (fa) (1 + tanh(f a) cot £ (y - s + if))" + c.c. 

Ml/) " ~ l)ad y 5 x 4y) + 0(a 2 ) 



:ni) 



where e = e + e' (in the last line we Taylor expanded in a and used cot 2 (z) = — 1 — dcot(z)/dz 



and Eq. (|106| )). Integrating this in y, performing a partial integrations, and using Eq. ( 107 ) 
we thus obtain 

[W(a), (j) v e {x)\ = ife(x; a) + mv(v 2 - \)a I [p £ (x + a) - p e (x)]%(x; a) S +0(a 3 ). 



5 We will only need this for s = 1, 2, 3 and thus do not specify the c^'"(x) for s > 3. 
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Comparing now equal powers of a on both sides of the last equation using Eqs (|107| )-(|Tl 
we see that the generalization of Theorem 1 to anyons holds true only for s = 1, 2, 

[W>',<%(x)] = ^-V-i J^l#(x) 8 = 1,2 (112) 
but s > 2 we get correction terms, e.g. 



P d? 

V 

where p £ (x)' := d x p £ (x). We define 



[W^,^(x)] = --^^ £ ( x ) + 2Ki(v 2 - 1) $p e (x)'<%(x)i (113) 



Ti v ' 1 : = ^W u '\ H u ' 2 : = W u ' 2 (114) 

which according to Eq. ( |1 12[ ) are the anyon VF-charges for s = 1,2. 

In the following we only consider the first non-trivial case s = 3. To proceed, it is crucial to 
observe that correction term in Eq. (113) can be partly canceled using the following operator, 

rL/2 

C = -ni dy x [pj(y) - p £ (y)]d y [pj(y) + p £ (y)] x 

J-L/2 

2ir 

= T- *PP(P)P(-P) * ( 115 ) 

where 

p± £ :=dT(5± e ). (116) 
This operator obeys the remarkable relations, 

C<%(x) + <%(x)C = 2mu x p £ (x)'(f> u £ {x) S +2 £ C<p" £ {x) x . (117) 

The proof of this, which we now outline, is by a computation similar to the one leading to 
Eq. ( |113| ). We consider the operator 

V £ (y; a, b) : =^ e - iadT ( iS t^- iS y,^+ ibdr ( d y s t^ +9 v s y^) * (H8) 

and observe that 

rL/2 q q 



C = -7rhm/ dx— — V £ {y;a,b) 
eiO J-L/2 oa ob 



(119) 



a=b=0 



l-L/ 

Using Eqs. (|45|) , (|46l) and (|70|) one then computes 

V £l {y;a,b)^ e {x)+^ £ {x)VAy;a,b) 

which by a Taylor expansion in a and b and integrating in y gives Eq. ( |1 1 7| ) . (For details see 
Appendix D, Proof of Lemma 4.) 



We also note that Eq. (|5q) implies 

CR e n = W G Z. (120) 

Thus the operator 

?T> 3 = z,y^ 3 + (1 - v 2 )C (121) 
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obeys the relation 

W>*,4r e {x)\ =^^ f C(^) + 2(i-^ 2 )(xC^(x) x x -#(z)c). 

Again there are correction terms, however, in contrast to the one in Eq. ( |113j ) it vanishes 
when applied to vectors R W Q\ We obtain 

[H u > 3 , = i 2 -^c%(x)R w n (122) 

(we used Lemma 3 and x c s £ ,v {x)(f) v £ {x) x R W Q = 0). This seems to be the best we can do to 
generalize the relation Eq. (|95|) for s = 3 to the anyon case. 

To fully appreciate this operator Tt u ' 3 one has to extend the computation above to a 
product of multiple anyon operators. We thus obtain our main result: 

Theorem 2. The operator TL U '^ obeys the following relations, 

\n^\ C(x0 • • • <i>» N (x N )]R w n = H N ^^ ei { Xl ) ■ ■ ■ r EN ( XN )R w n (123) 

for all integer w, where 

N d 2 N (^)V(zv 2 - 1) 

H N y,s = ~ g ^ + E s ^ l{xk - L Xi - lsgn{k - l){£k + £d) + (124) 

is a regularised version of the CS Hamiltonian Eq. (Q), i.e. the function Cjv^a ^x)^ is non- 
singular and vanishes uniformly as Ej j for all j = 1,2. ... N . 

The proof of this Theorem is a straightforward but tedious extension of the computation 
leading to Eq. (|122j ) (which is the special case N = 1), and the interested reader can find it 
in Appendix D. 

Appendix D: Proofs 
Proof of Lemma 2 

The argument here is very similar to the Proof of Proposition 1 and thus we can be brief. 
For r)b given by equation ( |5l| ) we obtain 

n 

* r ( e Hfy+«,e-f«,e)} x x7]b =Y[ [p(-Qj) ~ ue iq i {y+a) ~\ q i\ £ I + '' 7 

x ^ II - - mj ( e- ij ~ iv+a - i£) - e - ij — {y - i£) j pt-liLj^e- 2 ™ a£ / L R e n 

mi,m2,...=0 j=l ™1 "J 



The interested reader can find the definition of this function Eq. (130) below 
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Just as in the proof of Proposition 1 in Appendix C this shows that 

rL/2 

(•) := / dy iv{e iv{ fy+^-fy^)n b 

J-L/2 

is a sum of a finite number of terms. As the e dependence lies in the coefficients of this 
finite dimensional subspace the norm limit e [ exists and is in XV Thus W l '(a)% G XV 
Especially for % = S7, we obtain (•) = f2, which implies Eq. ( |100| ). □ 

D2. Proof of Theorem 2 



We write 
where 



are defined in Eq. (8£). We also use the short-hand notation 



We compute 



with 



A*$M := J£(x)£A$£(x) 



L/2 



[W"(a),$£(x)] = lim / (• • •) x r(e^ [ W'-4, e ']) x *$£(x) 

e'J.0 J-L/2 



(•••) = iv» 



x / sin j-(y + a — Xj + iij) \ v 



n 



N 
£=1 



sin ^ (y + a — Xj + iffj ) 
sin ^(y - Xj + iij) 



c.c. 



c.c. 



where ij = £j + e' and 



N 



r\. _ TT / sin f (j/ + a - X£ + isgn(j - fc)ei) \ " 
3 IjLy sin l (y-x £ + isgn(j - k)i £ ) J 

Using Eq. ( |111| ) we obtain 

N rL/2 
[W>),<^(x)]=]Tlmi/ dyS Xj)g .(y) 

x [l + i(^ 2 - l)a5 w + 0(a 2 )] (-)j x T{e iv[ fy+^'-~ f y^) I *$£(x). 
By a simple computation we see that this equals 

N 

J2 ($£(x;a ej ) + mv(y 2 - l)a[p £j ( yj + a) - / 5 £j .(y J )] * ^(x;a ei ) 

N 

+ E ^ V - l )l M + a ) - cot r(^i)] ^£( x ; ae i) + °(« 3 )- 

j,k=i 



(125) 
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where y jk = Vj ~Vk + isgn(k - j)(ej + e k ) and 

4>£(x; aej) : = <j> v n (xi) ■ ■ ■ fe.ixfia) ■ ■ ■ <t>" N (x N ) 

with (j>"(x;a) defined in Eq. ( |107| ), Collecting the terms proportional to a 2 on both sides of 
this equation we obtain, 

1 N 

[^ 3 ,^(x)] = -^ 2i£ ^(x) + ^2^(^-l)^( % )*^(x) (126) 

i=i 

with 

N d 2 N (^) 2 u 2 (v 2 - 1) 

Hn ^ £ = ~^dtl + ^Kxk-^-z^k-^ + ez)) (127) 



and d 2 /d e x 2 as characterized in Lemma 3. To proceed, we need to generalize Eq. (117): 
Lemma 4: The operator C given in Eq. filltfj) satisfies the following relations 

N 

C$£(x) + $^(x)C = 2 i C^(x) 5 + J2 ^wp'ej (Vj) * $e(x). (128) 

i=i 



Thus with H u > 3 Eq. ( pM|) , 

[W^^Cx)] =# JV) ^ e $^(x)+2(l-^)(5 *£(x)C S -$£(x)C). (129) 



Applying this equation to the state -R Q, eq. ( |120| ) implies that only the second term on the 
r.h.s. vanishes, and we obtain Eq. ( |123D where we set 



N 

c N ^ £ ( x w £ (x)R e n : = -Y. £ j€ 1 (^)----4f(xM j (x j )i ■■■tt N ( XN )B £ n. (130) 

It is easy to see that this defines a function Cjy u 2 E (x) which can be calculated explicitly, 
however, we only need that this function is non-singular and vanishes uniformly as e J for 



all j, which is obvious (see Eqs. (110) and (|9l|)), 

□ 

D3. Proof of Lemma 4 

We consider the operator V e (y; a, b) Eq. (118) and recall Eq. (|119|). Using Eqs. ((45|), (EH) and 



0|) we compute 

(*) := V 6 ,(i/;a,6)^(x) + ^(x)V e /(i/;a,6) = (• • -) 2 ^(y; a, &)1>£(x) x x (131) 
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where 



v {— a+ibdy) . 8 + , Ay) 

(•••) 2 = e »>^,=i + & c. 

AT AT 

i - ^E[< >£j+£ '(y) + C il£3+£ '(y)] + E ^[SU-t^fa) - ^^(y)] 

3=1 3=1 
2 A 7 



~2~ 



Moreover, using Eq. ( |116 ) we expand 

V e (y;a,6) = J + a J [p+ (y) - p~ (y)] i +ibd y x [p+(y) + pj(y)] x 
+m& J [p+(y) - p-(y)]ajp+(y) + p~(y)] 3 +0(a 2 ) + 0(b 2 ). 

Using the relation 



/ dy 8% +£ , (y)p£ (y ) = <5 CT(T / /£ +2e ' (a) , a, a = ± 

J-L/2 



and 



we may calculate 



L-2 



dy P f l (y)pi(y) = 



L/2 



rL/2 Q Q 

-7rhm / dx — — (*) 



a=6=0 



and obtain Eq. (|12S|) . 



(132) 
(133) 



□ 



6 The Calogero-Sutherland Hamiltonian and its eigenfunc- 
tions 

We are now ready to show how the results of the last Section provide the means to construct 
eigenfunctions and the corresponding eigenvalues of the CS Hamiltonian Eq. (|7|). 

6.1 Eigenfunctions from anyon correlation functions 

We claim that Theorem 2 essentially relates these eigenfunctions of the Sutherland Hamilto- 
nian H N u 2 Eq. (0), to the eigenvectors of the operator 7i u ' z . In fact the key step is just to 
observe the following elementary corollary of Theorem 2. 

Proposition 4. Let r) G V^. Then 

Urn < rj, W' 3 #(xi) ■ ■ ■ #(sjv)fi >= H N ^F v {x u ...,x N ) (134) 
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ve 



where is defined in Eq. (\nQ Especially, if rj is an eigenvector ofTi"' with the eigenval 
£ then is an eigenfunction of H N v 2 with the same eigenvalue £. 

The immediate next question is to ask if our method constructs all eigenvectors of (Q). 
We answer this in two steps. We first state and prove another consequence of Theorem 2. 

Proposition 5. The vectors r) v ^(ii) defined in Eq. (^j are in T>^, and they obey 

oo 

j<£ n=l 



with 



£ u , N {n) = Y^Pl (136) 

3=1 



Pj defined in Eq. (82), 



7 := 2u 2 (u 2 



1) (?) , (137) 
and ei = (1,0,..., 0), e 2 = (0,1,..., 0), . . . , e m = (0, 0, . . . , 1). 

Proof: We use Eqs. @, @ and Theorem 2 to write 

W'W(n) = (■)! + 0)2 + 03 



with 



W „L/2 /-L/2 

(•)l = V lim / d Xl e lPlXl ■■■ dx N e l 

p^ 1 e 1 ,...,e N l0j-L/2 J-L/2 



2 



x \hj) c(^)---c(^, 



,L/2 rL/2 

(•) 2 = lim / (ixie 4pia:i • • • / dxjve 

£l,...,ejv|0 J-L/2 J-L/2 



and 



rL/2 r 

0) 3 = lim / d Xl e^--- 



L/2 /-L/2 



-L/2 J-L/2 

x5(x j - a^;e fc + et)cj)" x (x\) ■ ■ ■ 4> £N (x N )Q 
where 7 is defined in Eq. ( |137D and 



1 00 

S{x- e) = J— = -2 Y „.2™(r+ i£ )/L 

v ; 2sin 2 (f (r + ie)) ^ 



ne 

n=l 
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(the last equality is obtained by a Taylor expansion in e 2m ( r + ie )/ L y Recalling Eq. (|3l|), a 
simple computation implies 

oo 

(Oa = 7^ £ nr lv,N(n + n[ej - e e }). 

j<£ n=l 

Moreover, using Eq. ( |130| ) we see that (-^ = 0. The remaining term is easily computed by 
partial integrations, 

N 

(•)i = E P jW(n). 



This gives Eqs. (p|)-(pf 



□ 



Based on this result we can now present a simple algorithm to construct eigenvectors 
of the operator TL y ^. For that we find it convenient to use the following notation. For 



At € N, 



N(N -l)/2 




we write 



N N 

A£ = (Hje)i<j<e<N = 2J t^ji G 



which defines a canonical basis (E» 



)i<i<KiV in N 



JV(jV-l)/2 



Moreover, we write 



n±A* := n ± ^ /x^[e 3 - - e^]. 



(138) 



(139) 



E.g., n-j-nEj£ = n + n[ej — e^j. We also write for the zero element in N 
niO = n. 

Proposition 4 suggests the ansatz 

* = E a(At)^,Af( n +M:)- 



JV(jV-l)/2 



, i.e. 



(140) 



It is important to note that due to Proposition 3, there is actually only a finite number of 
non-zero terms in this sum, i.e. \P G 2V With Eq. (135) the eigenvalue equation Ti^ip = £^ 
implies 

oo 

[£ - ^,Ar(n+/x)]a(/x) =lJ2Yl na (lL ~ ™ E #) 

where 

q(/x) := if ^^(n+At) = 0. (141) 

Setting fi = we get, 

£ = £„,jv(n), (142) 

and a(0) is arbitrary. Moreover, the other coefficients a{n) are then uniquely determined 
by Eq. ( |145| ) provided that b V) N(n,fi) := [£ U} N(n+fj,) — ^^(n)] remains always non-zero. A 
simple computation shows that 

/ „ r, , n2N 



2tt 



2 N 



3=1 



N 



b V)N (n,fj,) = ( -j- ) 2 He nj - n e + (£ - j)u 



+ 



j-l N 
l=\ 1=3+1 



(143) 
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which is strictly positive for all [i G Nq^ N if 



m > ra 2 > • • • > n N > (144) 



(the last inequality here is due to Eq. (p4|)). Note that Eq. ( |145| ) then allows to compute the 
a(fi) recursively, 



^^na(M-nE if ). (145) 



&,/,Jv( n >/£) n=0i< ^ 



We summarize these calculations and their implication from Proposition 4 in the following 



Theorem 3: For n 6 N w satisfying Eq. (144)> the equations ( \138{ )-(14t ) and the normal- 
ization condition 

a(0) = 1 (146) 

determine a unique vector ^ = ^^(n) £ T>b which is an eigenvector of the operator 7i v ' 3 
with the eigenvalue E v ^[vl). Thus 

</Vjv(n|:ci, . . . ,x N ) := lim ,jv(n), <j) v e (xi) ■ ■ ■ (f) v £ (x N )VL) (147) 

is in L 2 (Sl) and is an eigenvector of the CS Hamiltonian Eq. ^) with the same eigenvalue, 

[H N 2 - S U!N (n)}tp U:N (n\xi, x N ) = 0. (148) 



Remark: We have shown that condition ( 144 ) is sufficient for the construction of the 
vectors ^^(n) and we show below that all eigenvectors of the Sutherland model are thereby 
obtained. Nevertheless, we believe that it would be interesting to explore the significance of 
condition ( |144| ) more fully. However, this is beyond the scope of the present paper. 



Below we shall compare the eigenfunctions we have obtained with the known ones from 



the literature [3u, [Fo2;] . For that it is useful to have the corresponding (but simpler) relation 
for s = 2, 

m 

H u > 2 Vu , N (n) = ]T PjVu, N (n) (149) 

with Pj given in Eq. (|82|). This relation is a simple consequence of 

N r L / 2 r L / 2 

H"'V,iv(n) = V lim / d yi e iP ^--- dy N e iP ^ 



3=1 



which is obtained by using Eqs. (g), (g) and ( |112j ). By partial integrations we obtain Eq. 
( |l49j ). Finally using this and an argument similar to that proving Theorem 3 we obtain 

N 8 N \ ~ 

22,1-f. ^2 p j\ ipv,N(n\xi, . . .,x N ) = 0. (150) 

U=l 3=1 
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6.2 Relation to Jack polynomials 



We show below that the eigenfunctions of the CS Hamiltonian which we have obtained are 
related to the standard ones in the literature [3u| via the following transformation,^ 



^ )JV (n, M |x) := e ^ 2 +2M)(x 1 +...+x iV (n | x)j ^ g Mq. 



(151) 



Note that the physical interpretation of the phase factor is that it represents a free motion 
(i.e. plane wave) of the center-of-mass of the system, thus Eq. ( |151| ) can be regarded as a 
trivial change of our wave functions. 



We obtain from Eq. (|l48|) (p := v 2 + 2/x) 
and with Eq. ( pQD , 



N 



d 



where 



N 



pN 



2vr\ 



2 Af 



Y J [n ] -^+\u\N + l-2j) 

3=1 



(152) 



(153) 



We thus reproduce all known eigenvalues of the CS Hamiltonian |Su| . Note that according 
to Proposition 2, these eigenfunctions have the form 



^(n, fj,\ Xl , ...,x N )= e ^(*i+-+*N)N/L A ui {xu ^^ Xn) 



-2irixi/L 



-2irixpf / L\ 



(154) 



with V n - U := 7-' 1 jf i/JV ( n ) a symmetric polynomial [ McDf . Similarly as in [Fo2] one may use 
results from |St]] to prove that the polynomials Vn-v are proportional to the Jack polynomial 
associated with the partition n and the parameter \jv 2 [^t|. (See Appendix E for details.) 
It is worth noting that due to this, Theorem 3 can be used to formulate an algorithm for 
explicitly constructing the Jack polynomials in terms of the polynomials given in Eq. (|89|) . It 
would be interesting make this algorithm more explicit, but this is beyond the scope of the 
present paper. 



6.3 Duality 

It is known that the eigenfunctions of the CS Hamiltonians Eq. (Q) with couplings j3 = v 2 
and /3 = \jv 2 are closely related to each other pt| . In our approach this duality appears as 
follows. 

We note that Eqs. ( |121|) implies 

H u > 3 = -u 2 H- 1/u ' 3 + u[W u ' 3 - W~ 1/u ' 3 ]. (155) 

7 Note that the phase factor here is not periodic, thus the wave functions ip and 4> correspond to different 
self-adjoint extensions of the symmetric operator defined in Eq. (M). 
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Using Eq. (104) we obtain by a straightforward computation 



u[W u ^ - W~ 1/u ' 3 } = -4y{u 2 + l)QW- l/v > 2 + E (Q; v) 



(156) 



with 



E (Q; v) = c U)L (4(4*/ - 3u 3 - Av 2 - 9v - 5)Q 2 - 3u 4 + 2i/ 3 + hv 2 -2v- 3)) Q (157) 
j]) 2 ■ By an argument similar to the one leading to Theorem 3 we 



where c VjL = ^ ' ^ 2 
conclude: 



Theorem 4: The vectors ^ -i/^A^n) £ characterized in Theorem 3 are eigenvectors of 
the operator W> 3 with corresponding eigenvalues 



N N 

4,jv(n) = -v 2 ]T Pf - 4y(u 2 + 1)N Pj + Eo(N, v) 



(158) 



where Pj := Pj—i/^N as defined in Eq. (8i) and E$(N,v) Eq. (157). Thus 



(159) 



is an 



eigenvector of the CS Hamiltonian H Nv 2 Eq. ^) with the same eigenvalue £ v ^{ja). 



Appendix E. On Jack polynomials 



As discussed in Ref. [ Fo2 | (see also [Su]), all eigenvalues of the CS Hamiltonian H N y 2 are of 
the form Eq. (153) with \i a non-positive integer and the Uj integers such that n\ > re 2 > 



. . . njy > 0. Moreover, the corresponding eigenfunctions are given by0 

^ = e -2niN^x 1 + ...+x N )/L c ; /^) ( e 2ni Xl /L ? _ _ ^ e ^^l L )^\ x ^ ...,x N ) (160) 



where C^ 1 is the Jack polynomial [St| associated with the partition n and parameter a |Fo2| ]. 
Note that the complex conjugate ip* of ip is also an eigenfunction of H Nv 2 with the same 
eigenvalue, and our eigenfunction Eq. ( |154 ) has the same form as tp*. Note also that ip* can 
be written also in the form Eq. (|160| ) with the parameters //, rij replaced by //, n'- which are 
such that 

n' N > 0. (161) 



n'j — fjf = fi- n N ^j, 



This follows from the fact that E Eq. ( 153 ) is invariant under the transformation fj,,rij 
3 ' 



We now derive the precise relation of our solutions to the Jack polynomials. Similarly to 
[]Fb2| we deduce from Eqs. (p^)-(p^4]) that P n . u = 7V(e~ 27r " l/L , • • • , e - 2nixi / L ) obeys the 
equation^ 



d 2 V 

3=1 3 



— T 



l<j<k<N 



8 This is Eq. (2.16) in |Fo2| with fiN replaced by — fj,. 

9 This is Eq. (2.3) in ]Fo2[] adapted to our notation. Note that 7 in Fq2 corresponds to 2u 2 here. 
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where 

T*j — T*j(\ = I 

L 



2^ 2 N 



E-E =( — ) ]T (nj + u\(N + 1 - 2j)) . (163) 



Moreover, 

follows from Eq. ( |150|) . Comparing with the differential equation defining the Jack polyno- 
mials |Stj], these equations imply that T > xi -^{e~ 2mxi / L ^ . . . , e - 27nx 'i/ L ) equals, up to a constant, 
the Jack polynomial C^ u ^ (e~ 2mXl / L , . . . , e -2wi/L^ associated with the partition n [ Fo2 1 . 
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